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Abstract. We analyze the decomposition rank (a notion of covering dimen- 
sion for nuclear C* -algebras introduced by E. Kirchberg and the author) of 
subhomogeneous C*-algebras. In particular we show that a subhomogeneous 
C* -algebra has decomposition rank n if and only if it is recursive subhomo- 
geneous of topological dimension n and that n is determined by the primitive 
ideal space. 

As an application, we use recent results of Q. Lin and N. C. Phillips to show 
the following: Let A be the crossed product C*-algebra coming from a com- 
pact smooth manifold and a minimal diffeomorphism. Then the decomposition 
rank of A is dominated by the covering dimension of the underlying manifold. 



0. Introduction 

In E. Kirchberg and the author introduced the decomposition rank; this is a 
noncommutative generalization of topological covering dimension. If A is a nuclear 
C*-algebra, the decomposition rank of A, dr A, is defined by imposing a certain 
condition on systems of completely positive (c.p.) approximations of A; see Section 
1 for details. 

It may happen that A has some obvious underlying topological space X; in this case 
it is natural to ask wether dr A is related to the covering dimension of X, dimX, 
in any way. There are several candidates of such underlying spaces that come to 
mind, like the spectrum A or the primitive ideal space Prim A, but there might 
also be some space X involved in the construction of A, e.g. if A is the C*-algebra 
generated by a group action on X . 

The decomposition rank behaves very well if A is a continuous trace algebra, for in 
this case A is a locally compact Hausdorff space and we have dr A — dim A by Q , 
Proposition 3.12. For more general type I C*-algebras the situation is less obvious. 
In these notes we are mainly concerned with the case where A is subhomogeneous, 
i.e. has irreducible representations of dimension at most N for some N € N. Among 
these algebras, recursive subhomogeneous algebras of finite topological dimension 
(introduced in [ fio|| ) are particularly tractable. Such an algebra can be written as 
an iterated pullback of algebras of the form C(Xj) Cg M rj with finite-dimensional 
compact spaces Xj. In this case, the topological dimension of A coincides with 
maxfe{dim(Primfc^4)}, where Prim^A is the locally compact space of kernels of k- 
dimensional irreducible representations, as follows from a theorem of Phillips. Now 
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if A is subhomogeneous with finite decomposition rank, then the same theorem im- 
plies that A in fact is recursive subhomogeneous of topological dimension at most 
dr A. The aim of the present article is to prove a converse, namely that, if A is 
recursive subhomogeneous of topological dimension n, then dr A < n. 
Recursive subhomogeneous algebras play an important role in Elliott's classifica- 
tion program. Roughly speaking, the Elliott conjecture says that separable, simple, 
stably finite, nuclear C*-algebras are classified by their if -theory data (cf. jyj, 
Conjecture 2.2.5). If this was true, it would follow from theorems of Elliott and 
Thomsen about the range of the invariant that any such C*-algebra (provided Kq is 
weakly unperforated) is an inductive limit of recursive subhomogeneous algebras of 
toplogical dimension at most 2 (cf. Jn|], Theorem 3.4.4, and Example below). 
By recent work of Lin and Phillips certain crossed product C*-algebras also admit 
such a direct limit decomposition. More precisely, let M be a compact smooth 
manifold, a : M — > M a minimal diffeomorphism and A := C(M) x Q Z the crossed 
product C*-algebra. Then A can be written as an inductive limit of recursive sub- 
homogeneous algebras of topological dimension at most dim M. As a consequence 
we see that dr A < dirnM. A special case of this phenomenon already occurred 
in a theorem of Elliott and Evans which says that irrational rotation algebras are 
limit circle algebras (and thus have decomposition rank one). At the present stage 
this setting seems to be the only systematic way to obtain information on the de- 
composition rank of crossed products, since in general it is very hard to construct 
c.p. approximations for crossed products with sufficiently good properties. 

The paper is organized as follows: In Section 1 we recall the definition of the 
decomposition rank and of recursive subhomogeneous algebras. Furthermore, we 



state our main result (Theorem 1.6), namely that a unital subhomogeneous algebra 
has finite decomposition rank n iff it is recursive subhomogeneous of topological di- 
mension n, and prove its easy part; we also give a nonunital version. Furthermore, 
we consider various examples, including the noncommutative CW-complexes of [^) 
and C*-algebras of minimal diffcomorphisms. 

The remaining sections are devoted to the proof of the difficult part of the theorem. 
Since our argument is quite complicated, we first describe the ideas in the commu- 
tative setting (Section 2); the proof of the general case will be modelled after this 
outline. In Section 3 we deduce a lifting result for centers of certain subhomoge- 
neous C*-algebras. This is used in Section 4 to obtain an approximate lifting result 
for so-called piecewise commuting maps. In Section 5 we develop a topological 
concept which might be called relative barycentric subdivision. The actual proof 



of Theorem 1.6 is given in Section 6. 

We would like to thank J. Cuntz, S. Echterhoff, E. Kirchberg, N. C. Phillips and 
W. Werner for many helpful comments and discussions. 



1. Decomposition rank and recursive subhomogeneous C*-algebras 

1.1 Recall from |l3| that nuclear C*-algebras are characterized by the completely 
positve approximation property, i.e. A is nuclear if and only if there is a net 
of finite-dimensional C*-algebras F\ and completely positive contractive (c.p.c.) 

maps A F\ A such that (fx ° ipx converges to id^ pointwise. We then say 
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(F\, ipx, 'fix) A is a system of c.p. approximations for A. Based on this approxima- 
tion property, one may define a noncommutative version of covering dimension as 
follows: 

Definition: (cf. [0, Definitions 2.2 and 3.1) Let A be a separable C* -algebra. 

(i) A c.p. map ip : ©| =1 M ri — > A has strict order zero, ord<^ = 0, if it preserves 
orthogonality, i.e., tp(e)ip(f) = (p(f)(p(e) = for all e,/ <E M Ti with ef = 
fe = 0. 

(ii) A c.p. map ip : ®i—\M ri — > A is n-decomposable, if there is a decomposition 
{1, . . . , s} = U™ = o Ij s -t- the restriction of ip to ©^gj. M Ti has strict order zero for 
each j € {0, . . . , n}; we say ip is n-decomposable w.r.t. Y[j=o Ij- 

(Hi) A has decomposition rank n, Ax A = n, if n is the least integer such that the 
following holds: Given {b±, . . . ,b m } C A and e > 0, there is a c.p. approximation 
(F,ip,ip) for b\, . . . ,b m within e (i.e., ip : A — > F and ip : F — > A are c.p.c. and 
\\(pip(bi) — bi\\ < e) such that ip is n-decomposable. If no such n exists, we write 
dr A = oo . 

This notion is a variation of the completely positive rank (cprA), which was 
introduced in Jw|. It has good permanence properties; for example, it behaves well 
with respect to quotients, inductive limits, hereditary subalgebras, unitization and 
stabilization. 

Both ranks generalize topological covering dimension, i.e., if X is a locally compact 
second countable space, then cpr Co(X) = drCo(X) = dimX; see g for details. 

1.2 In |14| ], Proposition 4.4.1(a), maps of strict order zero were characterized as 
follows: 

If ip : F — > A is c.p.c. with ord tp = 0, then there is a unique *-homomorphism n v : 
CF -> A such that 7r v (g ® x) = <p(x) Vx £ F, where CF is the cone C o ((0, 1]) ® F 
over F and g :— id(o,i] is the canonical generator of Co((0, 1]). Conversely, any 
*-homomorphism n : CF — > A induces such a c.p.c. map ip of strict order zero. 
The *-homomorphism 7r v extends to a *-homomorphism ir'^ : (CF)" — > A" of 
von Neumann algebras. Then we have tp(x) = ip(lp)a(x) = a(x)ip(lp) W x G F, 
where a : F — > A" is the *-homomorphism coming from the composition of the 
natural unital embedding F > (CF)" and 7r^. Note that each h £ C*(y(li?)), 
< h < 1, defines a c.p.c. map ip : F — > A by . ) := /icr( . ) s.t. ord$ = and 
\\<p-<p\\ = \\h-<p(l F )\\. 



1.3 Definition: ('c/. 10 1, Definition 1.1) A recursive subhomogeneous algebra is 
a unital C* -algebra defined recursively as follows: 

(1) M r is a recursive subhomogeneous algebra for any r 6 N. 

(2) If B is a recursive subhomogeneous algebra, 57 is a compact Hausdorff space, 
X C 51 a closed subspace, r £ N and tt : B — > C(X) ®M r a unital *-homomorphism, 
thenA:= BO^^x (C(0)®M r ) := {(6,/) e 5® (C(Jl)®M r ) 1 7r(6)(t) - /(t) Vi £ X} 
is a recursive subhomogeneous algebra. 

We see from the definition that any algebra A as above can be written as an 
iterated pullback involving base spaces f^; the topological dimension of such a 
decomposition is then defined as maxfcldimfi/j}. However, the decomposition is 
highly nonunique as easy examples show; by definition, the topological dimension 



4 



WILHELM WINTER 



of the algebra A is the least integer n such that A has an iterated pullback decom- 
position with topological dimension n. See jn| for a detailed exposition of recursive 
subhomogeneous algebras. 

1.4 Let A be a C*-algebra. We denote by Prim A its primitive ideal space. For 
k G N let PrimfcA be the subspace of Primal consisting of kernels of fc-dimensional 
irreducible representations. Recall from Q, Propositions 3.6.3 and 3.6.4, that 
Ufc<n Primfe^4 is closed in Prim A, that Prim n ^4 is open in {J k<n Prim^A and that 
Prim„A is locally compact Hausdorff. 

1.5 There is a nice abstract characterization of recursive subhomogeneous algebras: 

Theorem: fljnj, Theorem 2.16) For a separable unital C* -algebra A the following 
are equivalent: 

(i) A is recursive subhomogeneous of topological dimension not exceeding n. 

(ii) All irreducible representations of A have dimension at most N for some N £ N 
and dimPrimfcA < n for k = 1, . . . , N. 

1.6 We now state the main result of these notes. For the moment we only prove 
the part which is easy, given the preceding characterization. 

Theorem: Let A be a separable, subhomogeneous C* -algebra. Then we have 

dr A — max{dimPrimfcA} . 

k 

If, additionally, A is unital and n G N, then dr A = n iff A is recursive subhomo- 
geneous of topological dimension n. 



Proof: Observe that the first assertion follows from the second: Namely, if A is 
separable and subhomogeneous, then so is A, its smallest unitization. Now by B, 
Proposition 3.13, we know that dr A = dr A. Furthermore, it is not hard to see 
that Prim^yl = Prim^A for k > 1 and PrimiA is the one-point compactification 
of PrimiA So, again by 0, Proposition 3.13, dimPrim/jA = dimPrinifeA for all 
k. Thus we only have to show that dr A = maxfe{dimPrimfcA}. But this follows 
from the second assertion of the theorem in connection with Theorem |1.5| , since A 
is separable, subhomogeneous and unital. 

Therefore, suppose A is separable, unital, subhomogeneous and dr A = n. By 



1.4 



PrimiA is a locally compact Hausdorff spac for any k G N. Since A is separable, 
PrimiA is second countable and we can find countably many subsets f7, which cover 
Prim^A and each of which has compact closure. It follows from 0], Theorem 3.2, 
that the corresponding quotients A-g- are homogeneous (hence continuous trace) 
algebras over C/j. But then 3.3 and 3.12, yield the estimate dimt/; = dr Ajj- < 
dr A = n for each i. Now the countable sum theorem for covering dimension (Q, 
Theorem III. 2) says that dimPrimfcA < n. 

The converse turns out to be surprisingly complicated; we postpone the proof to 
Section 6. I 

1.7 As an application, we note the following consequence of work by Lin and 
Phillips; this was our main motivation for studying the decomposition rank of 
recursive subhomogeneous algebras. 

Corollary: Let M be a compact smooth manifold and a : M — ► M a minimal 
diffeomorphism. Then cpr (C(M) x Q Z) < dr (C(M) x a Z) < dim Af. 
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Proof: By Q, Theorem 1.1, C{M) x a Z can be written as an inductive limit of 
recursive subhomogeneous algebras of topological dimension at most dimAf. The 



assertion follows from Theorem 1.6 and the permanence properties of the decom- 
position rank, cf. Q), 3.3(h); we have cpr A < dr A for any A by Q, Remark 3.2(i). 

I 

1.8 Remarks: (i) It would certainly be desirable to find conditions under which 
we have dr C(M) x a Z = dimAf. However, as for most dimension theories, it is 
difficult to find lower bounds for the decomposition rank (at least we know from jij , 
6.1 (i) , that dr A > unless A is an AF algebra). One way to tackle this problem 
would be to investigate the if-theoretic implications of finite decomposition rank, 
since the X-theory of crossed product C*-algebras as above is quite well understood 

(cf. §). 

(ii) It is natural to ask wether similar results still hold for more general crossed 
products. But then the corollary, as it stands, does not remain true. For example, 
consider a minimal action on the Cantor set (cf. pT[ , 3.2.12); the crossed product is 
an AT algebra but it is not AF, hence has decomposition rank one (unlike the Can- 
tor set, which is the prototype of a zero-dimensional space). However, an estimate 
like dr (C(X) x a Z) < dimX + 1 is still conceivable for minimal homcomorphisms 
a of arbitrary compact metrizable spaces X . This is tempting not only because of 
the preceding example, but also because such C*-algebras in some sense might be 
thought of as 'skew' tensor products of C(X) and G*(Z) = C(S 1 ). 

We close this section with some more examples. 

1.9 The unital dimension drop intervals 

I m := {/ : [0, 1] -> M m | /(0), /(l) e C • l m } 

are recursive subhomogeneous of topological dimension 1 (cf. [|l(J), so we have 
dr/ m = 1. 

Furthermore, we have dr (C(T) <g> I m ) =2: If m = 1, then C(T) <g> J TO = C(T x [0, 1]), 
and T x [0, 1] is 2-dimcnsional. Otherwise, C(T) ® I m has only m-dimensional and 
1-dimensional irreducible representations and Prim m (C(T) ® I m ) = T X (0, 1) and 
Primi(C(T) <g> I m ) = Tx {0, 1}. Therefore, max fc {Prim fc (C(T) ® I m )} = 2 and the 
assertion follows from Theorem [O]. 

1.10 Next, consider an extension of the form 

-> C (M) -> B -> C(T) ® I m 

with B unital. By ]10| j , Lemma 2.11, there is a second countable compactification 
Y of R with dimF = 1 and a unital *-homomorphism n : C(T) (8> I m C(Y \ R) 
such that B = (C(T) ® J m ) e^.yXR C(F). But then by @, Proposition 3.2, B is 
recursive subhomogeneous of topological dimension 2 = dr£>. 

1.11 Let (Go, (Go)+) be a countable ordered abelian group which is weakly un- 
perforated (i.e., if nx > for some n G N, then a; > 0), and let Gi be another 
countable abelian group. 

It follows from work of Elliott and Thomsen, that there is a (unital) inductive sys- 
tem Bq — > Bi — > . . . of G*-algebras as in ^.1C| , s.t. A := lim_» i?i is a simple, sepa- 
rable, unital, nuclear G*-algebra with (K (A), K (A)+, Ki(A)) = (G , (G )+, Gi); 
cf. Q, Theorem 3.4.4 and Example 3.4.8. 

In particular, if the Elliott conjecture (see Q, Conjecture 2.2.5) was true, this 
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would imply that dr A < 2 for all stably finite, simple, separable, unital, nuclear 
C*-algebras with weakly unperforated i^o-groups. 

1.12 Recursive subhomogeneous algebras directly generalize the noncommutative 
CW -complexes of ||. A noncommutative CW-complex A arises as in Definition 
1.3, with the restriction that (at each step) f2 is the closed unit ball in R" for some 
n G N and X is the (n — l)-sphere S n ~ 1 in M™. The topological dimension of A 
(which equals dr A by Theorem [l^) is the highest number n which occurs in this 
iterated pullback construction. 



2. The commutative case: an outline 



Since our proof of Theorem 1.6 is regrettably complicated, it might be helpful to 
study the commutative case first; this will not only serve as a model for the general 
case, but it also shows which technical difficulties arise and how to circumvent them. 

So let A be a separable commutative recursive subhomogeneous algebra; then A 
can be written as C(Hq) ffi^.x C(f2), where fio and X C are compact metrizable 
spaces and tt : C(ilo) — * C(X) is a unital *-homomorphism. We have to show that 
dr A < max{dimf2, dimfio}- 

Note that A coincides with the pushout JJ W x f2, so the statement is equivalent 
to saying dim(f2o \J n x Q) < max{dimf2, dimfio} (recall from [Q, Proposition 3.4, 

that dr A = dim A if A is commutative). There are several ways to prove this, for 
example by using the characterization of covering dimension via maps into spheres 
(cf. ||, Theorem V1.4). Below we sketch a direct (although, admittedly less ele- 
gant) proof which can be generalized to noncommutative recursive subhomogeneous 
algebras. 

Step 1. Let ai,...,a& be given. Choose a (sufficiently good) c.p. approximation 
(C 8 , ifj\ (f r ) (of C(flo)) for /3(ai), . . . ,/3(afe) such that ip' is n-decomposable, where 
n := max(dimf2, dimf2o) and (3 : A — > C(f2o) is the projection map. For conve- 
nience we may assume that ip' is unital. Using the Tietze extension theorem and 
functional calculus we can find a small neighborhood Y' C ft of X and a unital 
n-decomposable map <p : C s — > C(Qo) ®n,x CiY') such that (3o<p is close to <p'. 

Step 2. il is normal, so there are open sets V, W C and a closed set 7 C O 
s.t. X CW CY CV CY'. 

Next construct a finite collection (U\)a of open subsets of £1 \ X as follows: 

(i) (^a)a is n-decomposable as a collection of subsets (cf. Q, Definition 1.4) 

(ii) ft \ W C Ua ^A, U x n (CI \ W) / VA and U x C Y whenever U x n W ^ 

(iii) for each A G A there is t x G U x s.t. tx Ua\{a} ^ 

(iv) the restricted functions ai\u x are almost constant for all I and A 

(v) Ux G Y' V A G A' := {A G A | U x n Y ^ 0} 

(vi) for each A G A' there is i(A) G {1, . . . , s} such that 4 ^+i) < ^(e^A)) Vf G Ux- 
Set A« := {A G A | U x n W ± 0} and A< 2 ) := A \ A«. Choose positive functions 
9\ G Co(Ux) for each A G A s.t. g := J2a9* satisfies < g < 1 and = 1- 

_Step 3. Define F := © i^ 2 ' with := C s , F^ := C aW and a c.p.c. map 
if} : A ^ F by ip' o (3 (B (© Ag a(2) ev tA ). The u.c.p. map <p : F — > A is given as 
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follows: On define 

¥>i~ } := (1 - 9) ■ 0i + E{AGA(i) l i(A)=i} 9\ ■ & , 

and on i^ 2 ) set </?( 2 ) (ex) := g^. Now (-F, "0, (j?) is a c.p. approximation for ax, . . . ,aj~ 
which has almost the right properties. In particular, ip has order (in the topological 
sense) not exceeding n and the restriction (p\c^ even is n-decomposable. However, 
we want (p to be n-decomposable, so we need a modification. 

Step 4- Let A denote the full simplex with vertex set {l,...,s} U A^ 2 \ then 
(p induces a natural surjection r : C(A) — > C := C*((p(F)) by sending the j-th 
coordinate function to the image under (p of the j-th generator of F. Let K be the 
minimal subcomplex of A such that r factorizes as C(A) — > C(K) — > C and let J 
be the subcomplex of K generated by the vertex set {1, . . . , s}. By construction, K 
is n-dimensional and the 1-skeleton of J (regarded as a graph) is (n + l)-colourable 
(see 0, Section 1, for the relation between graph colourings and decomposability 
of c.p. maps). But now we can apply what might be called relative barycentric 
subdivision. This is, we form a subdivision SdjK of K such that J is left fixed 
and the 1-skeleton of SdjK, again regarded as a graph, is (n + l)-colourable. If T 
denotes the vertex set of SdjK, we may replace F by F := C r and (p by a c.p.c. map 
p which is determined by the coordinate functions of SdjK. How to obtain from 
tp is then quite obvious. The triple (F, ip, p) now is the desired n-decomposable c.p. 
approximation of A which shows that in fact dr A < n. 

It is this last step that causes a lot of technical difficulties in the general setting, 
since commutativity of C is essential to define a barycentric subdivision and its 
coordinate functions. Luckily, we may always assume the image of (p to be commu- 
tative 'enough' (as will be made precise in the next two sections), so that we can 
apply the idea of relative barycentric subdivision (Section 5) to certain maps into 
recursive subhomogeneous algebras. In the last section we will follow the lines of 
the above argument to prove the remaining part of Theorem 1.6. 



3. Central lifting and continuous bundles 

In this section we recall the notion of continuous A/ r -valued C* -algebra bundles 
and provide a lifting result for the centers of such bundles. This will be the main 
ingredient for our approximate lifting theorem of so-called piecewise commuting 
maps, see Section 4. 

3.1 Given r £ ff, let 9Jl r denote the set of all C*-subalgebras of M r . By an 97l r - 
bundlc over a compact space fi we mean a map B : Q — > 9Jl r ; we write B(Q) for the 
C*-algebra of continuous selections or, more precisely, 

B(O) := {x e C(Cl, M r ) I x(t) G B{i) Vt G ft}. 

B(tt) is a C(0)-module and we have C(0) • S(fi) = B(ti). 

It will be convenient to define a bundle B to be unital if B(tt) is a unital C*-algebra; 
note that with this definition the unit does not necessarily coincide with that of 
C(Q) <g> M r . B defines a continuous C*-algebra bundle in the sense of EJ, 10.3, if 
B(t) = {x(t) I x G S(O)} Vt G Q; in this case we say B is a continuous 9Jl r -bundle 
over fi. If A is another continuous 37l r -bundle over SI such that A(t) C B(t) Vi, we 
say A is a subbundle of B, A C B. 
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3.2 Recall from |7J] that B is lower semicontinuous, if for every open subset U C M r 
the set {t € O | B(t) (~l U ^ 0} is open in Q. It is easy to see that a continuous 9Jt r - 
bundle is lower semicontinuous. Conversely, it follows from the Michael selection 
principle (cf. 0, Theorem 3.2") that if B is lower semicontinuous, then it is a 
continuous 97t r -bundle. 

Now let X C O be a closed subspace. The restriction B\x obviously is a continuous 
9Jt,-bundle if B is; in this case Michael selection yields that 

B\ X {X) = {x e C{X,M r ) \3x £ S(O) : x{t) = x{t) Vf e X} 

and we write B(X) for S^A). In particular we see that B{X) is a quotient of 
B(Q). 

A similar reasoning shows that, if A C B|x is a continuous subbundle, then *4 
extends to a continuous 9Jt r -bundle on all of fl by setting A(t) :— B(t) for t 6 0\A. 

3.3 Let £> C C(O) be a C*-subalgebra. Then restriction to fibers yields a map 
S : O — > M r , given by £>(t) := {b(t) e M r | 6 <E 5}. £> clearly is l.s.c; it is not hard 
to show that 6(0) = B iff C(0) ■ B — B. 

Consider Z(£>(0)), the center of the C*-algebra 6(0). Restriction to fibers yields 
a continuous 9Jt r -bundle, denoted by Z{B). Because C(0) • Z(B(Q)) = Z{B{VL)), 
we have Z{B{ti)) = Z(B)(Q). However, if X C O is closed, then Z{B{X)) (= 
Z(6|x)(^)) need not coincide with Z(B)(X), as easy examples show (we certainly 
have Z{B)(X) c Z{B\ X ){X)). 

The main result of the present section says that this problem can be circumvented 
by making B(t) smaller for t ^ X: 

3.4 Lemma: Let Q be compact and metrizable, X C a closed subspace and B a 
unital continuous Ml r -bundle over fi. Then there is a unital continuous subbundle 
VcB such that V\ x = B\ x and Z{V){X) = Z{V{X)). 

Although the result looks plausible, it is not so easy to prove; this is because making 
a bundle smaller will usually affect its continuity. Unfortunately, we only have a 
rather complicated argument which will make use of a series of ad hoc constructions. 

3.5 First we need some more notation and two simple observations on sets of 
matrix units of finite-dimensional C*-algebras. If F = M ri © ... © M Ts , we say 
{ei, . . . , e/c} C F is a set of matrix units for F if k = 53i=i r f an( i 

{d, ...,e k } = {f- l ' m) \ i = l,...,s; l<l,m<n}, 

where {ff ,m ^ \ 1 < I, m < ri} is a set of matrix units for M n . 

Proposition: For each r E N there is a > such that the following holds: 
If i f or k < r 2 , F C M r is a k- dimensional C* -algebra with a set of matrix units 
{ei, . . . ,e/c} and q £ F is a projection, then q £ Z(F) or ||[e m ,g]|| > a for some 
m G {1, . . . , k}. 

Proof: Suppose first we have some F C M r given. Let U be the set of all sets of 
matrix units for F and V the set of projections in F . With the obvious topologies 
coming from the norm on F these are compact metrizable spaces. Furthermore one 
checks that Vq ■— V (~l Z(F) and V\ :— V \ Pa are compact subsets of V . Define a 
function c : Vi xii-> K + by setting 



c(p, {e x , . . . , e k }) := max ||[e m ,p]||; 

m — 1 , . . . ,k 
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this is obviously continuous, hence takes its minimum cxf on some (p, {ei, . . . , e^}) G 
V\ x U. But, since p ^ Z(F), we have Qf > 0. Note that a_F only depends on the 
isomorphism class of F. 

Set a :— min{cti? | F C M r is a C*-subalgebra}. We still have a > 0, since M r has 
(up to isomorphism) only finitely many subalgebras. Now, for this a, the assertion 
holds by construction. I 

3.6 Let B be a unital continuous 97l r -bundle over the compact space f2 and f 6 U. 
Set F := B(t), then idp has strict order zero, so by 2.4, and since B(t) is 
a quotient of B(fl), id F lifts to a c.p.c. order zero map <p : F — > £?(£!). Define 
g : M — > K by g(x) := min{2x, 1} and set /i := ^((^(1^)) G £>(£!). Then there is a 
c.p.c. order zero map (p : F — > given by . ) := /icr( . ), where c : F — > 

is as in fL~2| 

Set 7 := {a; e ft | ||y>(l F )(;r)|| > ±} and let tt f : B(fl) -> be the quotient map. 

Then one checks that 7Tpr o <^ : F — > £>(T^) is an ord er zero map with 7Ty- o (^(li?) = 
lg(p^, hence 7Ty o ^ is a *-homomorphism by 1.2. In particular, if ei, . . . , ejt is a 



set of matrix units for _F, then iry o ip(ej), j = 1, . . . , k, are matrix units in B(V) 
s.t. C*{-K V o0{ ej ){x) I j = l,...,fc)SFVxeF. 



3.7 The following construction will be used repeatedly in the proof of Lemma 3 
Let B be a unital continuous 97l r -bundle over a compact metric space f2, if C ft a 
nonempty closed subspace and <5 > 0. For Z G {1, . . . , r 2 } define 

K"' B ' := {t £ K \ B(t) has vector space dimension Z} 

and 

Similar as for the primitive ideal space (cf. 1.4), K^ <l ' B > is closed in if and K"' ' 
is open in K^ <l+1 ' B \ 

Now fix some k G {1, ... , r 2 }. For each t G K^ k ' B \ B(t) is generated by a set of 
matrix units {e\{t) 1 . . . , e&(t)}. These lift to matrix units on a neighborhood of t 
by |3.6|. But K^ k ' B '> is er-compact; it is then straightforward to construct Vi C op on ^f 
for i G N as follows: 

- y.n^ 8 ' =0Vi 

- (v,- nif( fe < B )) \Vi ^®Vi<j 

- diamV^ q 

- for each i there is i s.t. fl Vi = Vj > t 

- for each i there are matrix units e^i, . . . , e^k G £>(Vi) s.t. 

C*(e j , m |m = l,...,fe)S!C*(e j>ro (t)|m=l,...,fe) VteW, 
£(t) = C*( ei , m (t) | m = l, . . . , k) Vt e^n^ B » , 

|]ei, m (t)-e i;m (f')|| < ^ Vi,t' G 

Just as in 3.E (with Vq in place of t and C*(ej ;m , m — 1, . . . , k) as .F), we may extend 
eo,ij • ■ ■ , eo,/c to matrix units (which are again denoted by eo,i, . . . , eo,fe) in B(ifo), 
where ifo G op cn ^ is a neighborhood of Vo s.t. if is compact, dist(ifo, K^ <k ' B ^) — 
dist(if n if, if « fe > B )) and if n if = V . We may assume ||e , m (*) - e , m (f)\\ < $ 
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for t, if e Ko. 

Set = 

' C*(e 0<m {t)\m = l,...,k) forteA \A 

B(t) else , 



then T>q C B is a continuous 9Jt r -bundle by 3.2. As before, lift e.\,i, ■ ■ ■ ,e\^ to 
matrix units in 2?o(Ai), where K\ Copcn ^ is a neighborhood of V\ with compact 
closure and such that dist(Ai, K^^) = dist(Vi, K« k < E) ), K x D K = V x and 

(*) -ei, m (f)ll < 5fOT M'eifi- 
Setting 



2?„(t) 



C*(e n , ro (t) \m=l,...,k) tor t€K n \(KUK U...U K n - X ) 
T> n -x(t) else, 

we may proceed inductively to obtain continuous bundles (X^)n and open subsets 
(Ki) n such that dist(A;, K« k ^) = dist(Vi, K {<k ^), K t C\K = Vi and ||e ijm (i) - 
ei,m(*')ll < ^ f° r *i e We may clearly assume diamAi — > and (with a 
little extra effort) that for each i there is T s.t. A., n Ki = Vj > f. This relation 
ensures us that, for each t 6 fl, (Dj(i))ieN becomes constant as i goes to infinity; 
therefore it makes sense to define a bundle V over fl by T>(t) := limjZ>j(i). Set 
A := A U fljj Ai) ■ This is closed in 0, since A 4 n A' ^ V i and diamAT -» 0. It is 
straightforward to check that T> is lower semicontinuous and that B(t) — T>(i) Vt G 
K «k+i,B)_ we have now constructed a unital continuous subbundle T> of B over 
and a compact set A C il with the following properties: 

(i) V(t) = B{t) for tg(fi \ (A\ A)) U 

(ii) there is a sequence (Aj)^ of subsets A^ C A open in f2 s.t. 



- A \ A U A( fe - B ) C Ui #i 

- ^ s )cU, ^ 

- K t r\K^ <k ^ = 0Vi 

- A, n A( fe > 8 ) ^ Vi 

- dist(A 4 , K« k ^) = dist(A 2 n A, K« k ^) 

- diamAi '^Sf o 

(iii) for each i there are matrix units e^i, . . . , e^fc G 2?(Aj) s.t. 

- C*( ei , ro | m = 1, . . . , k) S C*( ei , m (i) | m = 1, . . ., fe) Vt e ~Kl 



- V(t) = C*(e iim (t)\m = l,...,fe) Vt e A 4 \(AU A U . . . U A^i); note 
that 

U 1 a^\(aua^u...uaTi") = U^\^ 

- ||e; >ro (t) - e 4 , m (t')|| < S for i e N, m = 1, . . . ,k, t,t' e K t . 

3.8 Lemma: Let X a £1 be compact metric spaces, B a unital continuous 9JT r - 
bundle over Q and S > 0. 

Then there is a closed neighborhood A of X and a unital continuous DJl r -bundle 
T> C B\k with the following properties: 



(i)V\ x =B\ x . 



(ii) For each k g {1, . . . , r 2 } there is a sequence (k[ °/ open subsets K^' C A 

s.t. 
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K {kV) c y. K (k) c y_ ^(fc) c {J u 

dist(Af } , x« fc > p )) - dist(xf 5 r\K^ v \ x« k ^) 

diam(^ (fe) )^0. 



(mj For each k and i there are matrix units ejj f 1 , . . . , efl £ T>(K\ K> ) s.t. for t, t' € 



K, 



(k) 



(k) 



Il4m(*) 



C*{e 



(k) 



fc) = C*(eW(t)|m = l, 



41(*oii<*- 



PROOF: Apply |3 . T| with X in place of K and r 2 as k to obtain a continuous bundle 
C 6, A^ 2 ) D X, (K^ 2) ) ieN and for each i E N matrix units effi, . . .,e^} 

with the pro pert ies of 3.7. In the next step take K^ 2 " 1 as A, 2?( r2 ) as B and r 2 — 1 as 
k and apply 3.7. Then proceed inductively to obtain a continuous bundle C B 
over after r 2 steps. By construction, (J. fe A^ is an open neighborhood of X, so 
it contains a closed neighborhood A of A. 

Define V := V^\k and restrict K^' and e-^ to A, then the assertions (ii) and 
(iii) hold by construction (cf. (ii) and (hi) of 3.7; we only have to check (i). 
Let (gibe given, then t £ X^ k ' B ' for some k < r 2 . By 3.7 (i) and the construction 
of V^ 2 \ we have B(t) = V {r2 \t). Inductively we see that B(t) = V (r2 \t) = ...= 
V^ k \t). Furthermore, we have X C K^ r ' C . . . C A"W, and therefore 



3.7(m) 



Ui#i fc) c A~W c A« v / < fc. 



Now since |L A^ is open in f2, i has a neighborhood TV which is open in fi 
and such that N C A"W for 1 < I < k. But then K^ 1 ) \ A« n iV = 0, so 
t G r2\( J ftT('- 1 ) \ A«), hence V^^t) = X>W(t) for 2 < Z < k by[3^(i). Therefore, 
P( 1 )(i) = ... = 2?( r2 )(i) = 6(i). I 



3.9 Remark: It follows from U(iii) that P M - ^ for a11 * e K \ k) n A^' 23 ). 
If S|x is commutative, then so is T>, since (~l Jf^' 23 ) ^ 0. 



PROOF: (of Lemma B.4) Given r S N, choose a > as in Proposition 3.5 and fix 



a metric e? on O. With <5 



construct a closed neighborhood A of X and a 



unital continuous bundle D C B\k as in Lemma 3.8. By 3.2 we may extend T> to a 
continuous bundle on all of Q, by setting T>(t) := B(t) for t ^ K. We have to check 
that indeed Z{V){X) = Z{V(X)). 

Note that we have Z(B\x) C £>|x = £>|jf, hence (again by 3J2) the bundle £ over 
fi, defined by 

Z(B\ x )(t) teX 
V(t) else , 



£{t) := 



is a continuous subbundle of T>. Therefore, we may oncemore apply Lemma 3.S 
(together with Remark 3.9), this time to £ as B, to produce a closed neighborhood 
G (w.l.o.g. G C A") of X and a unital continuous bundle A C T>\q with the follow- 
ing properties: 
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(i) A\x =S\ X =Z{V\ X ) 



(ii) for each fc G {1, ...,r} there is a sequence (G- fe ')i e N of open subsets G± C G 
s.t. 



- G^ c U« Gf > c (J* Gf ] c G^) U . . . U G^ 

- Gf ] ni(^' ^0Vi 

(iii) for each fc and i there are normalized positive elements gj* , . . . , g-*? € -4(G) 
s.t. gjk) | — ) _ _ , 5 gW |— — are pairwise orthogonal projections (which means that 



C fe G*(g£(t) \m = l,...,k) = A{t) for each t G G| fc) n G^- 4 )) and such that 
llO^-O^II^VM'eGf. 

By functional calculus we may even assume q\ ^J^m , m — 1, . . . , fc, to be pairwise 

orthogonal projections on an open neighborhood of and that ||gf„(*) — 
q^(t')\\<2S^t,t'eU^. 

Now for each k and i there is an open neig hborhood W$ k) C cf ] ofGfnXs.t. 

gg ) (*),...,g i ( * fc ) (*)e2(X'W)VtGWi ( * ) : 

Otherwise there would be a sequence 

(tj) N C Gf ' with distfo, Gf ) fll)^0 and 

m G {1, . . . , fc} s.t. q^itj) Z(V(tj)) Vj. Since G^ is compact, we may assume 

that ->t G Gf } n X. But g^ 5 G -4(G) C P(G), / = 1, . . . , k, hence P(t) has 

vector space dimension at least k, so t G iO r U . . . U K^ k ' T 'K Now since K^ <k,T> ' 
is closed, we may assume, after passing to a subsequence, that (tj)*® C -K^ & ,T> ^ for 

some fc' > fc. We have if ( fc ' v ^> c (J 4 If}* , so each tj lies in some K\ k ' . Now by 

Proposition |3^ and, since ql^itj) £ Z(V(tj)), there must be (again after passing 

to a subsequence) e k . m , G V{K\ k - 1 ) s.t. 

Il[e?ife),g£fe)]||>a 

for all j and some m! G {1, . . . , fc'} (we have P(tj) = C*{e^, ] n ,{tj) \ m' = 1, . . . , fc') 
by Remark 3.9). 

Choose t,- G Kfp n X^'- 27 ) (this is possible by |J(ii)), then tj -> F as well (we 

have diamiff ^ ? 0) and we may assume that tj, ij G Vj. By construction 
we know that 

\\^Utj)-e^Um\<^3 

and 

llgSfe)-giS(*,-)ll<25Vi. 

But now by the choice of 5 we obtain 
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On the other hand, e^fo) G B(tj) and q^{t ) G Z(B\ x )(ij) C Z(B(i 3 )), a con- 
tradiction, hence qfi(t), . . . , qf k \t) £ Z(V(t)) for all t in some open neighborhood 
C G-^ of G-^ (~1 X; we may assume that w[ is open in Q. 

Now take an arbitrary t G X, then i G V^ (fc) n X^- 4 ) C Gf 3 n G^"^ for some 
i and fc. Choosing ft, G Co(W^) C C(f2) with h(t) = 1 we see from (iii) that 
At) = C*(?S(*) I m = 1, • . ., k) = C*((h ■ q^)(t) \ m = l,...,k). 
But ft ■ q£l G -4(G) C P(G) Vm, and since (ft • q^ n )(t') G Z(V{t'))Mt' G O, we 
have that ft • G Z(V)(G), m = 1, . . . ,k. In particular we obtain 

Z(2?U)(i) = 4(f) - G*((ft • gS)(t), m = 1, ...,*) C Z(X>)(t) Vtel; 

it follows that Z(P| x )PO C Z(2?)(X). The inclusion Z(V)(X) C Z(D| x )PO is 
trivial; hence the proof is complete. I 

4. PlECEWISE COMMUTING MAPS 

4.1 Definition: Let A, F be C* -algebras, F = M ri © ... © M rg , and tp : F — > A 
a c.p. map. J/ tftere is an order -< on {1, . . . , s} s.t. 

[<p{l Mrj ), tf[M n )]=0 

for i < j, we say ip is piecewise commuting (p.c.) with respect to -<. 

The reason for introducing this somewhat technical concept is, that it admits use 



of Lemma 4.2 (which yields a decomposition of tp into pairwise orthogonal parts) 



and an approximate lifting result (Proposition 4.5) at the same time. 

4.2 The following will play an important role in the proof of Theorem 1.6. By \n 
we denote the characteristic function of [/z, oo). 

Lemma: Let A be a unital C* -algebra, F = M ri © ... © M Ts and tp : F — > A a 
c.p. and p.c. map. Suppose there is p, > s.t. the projections qi := X^ivO-Mr- )) G 
C*{ip[\M T . )) C A exist for all i and X)i=i <?« G A is invertible. 
Then there are pairwise orthogonal projections p(i) G C*(qj \j G {1, ... ,s}), i 
1 s. s.t. 

Ej=iKi) = !a, [p(i)> V(^)] = andp(i)qi = p(i) . 



Proof: Set E<°) := 0, := C*{ qj \j G E(°))(= {0}) and ft(°) := £ ieS(0) P(0 = 
l B (o) = 0. Suppose that for m = 0, . . . , I we have constructed pairwise disjoint 
5]( m ) c {1, . . . , s} and pairwise orthogonal projections p{i) G C*(qj | j = 1, . . . , s), 
z G EH, s.t. ft<™) := E< eE (o)u... UE (m) P(») = l fl (»), where £?( m ) := C*( gj \j G 
£(°) U . . . U E^" 1 )), and such that [p(i), <p(F)] = and p(i) < q. t . 
If ft (/) = U, we are done. Otherwise, define <^' +1 ) : F -> (1 - h®)A(l - h®) 
by ( j c^ +1 '( . ) := (1 — h}- l ')tp{ . ), then is c.p. and p.c, because tp is and ft^ 

commutes with tp(F). Let 

£(' +1 ) :={» e {1, ...,«} \ (S (0) U . . . U E«) I (1 - ft (i) )<7, G (^ (z+1) (F))'} ; 
using that is p.c. and that X^(£(°>u ue<0)(1 — h^')qi is invertible in (1 — 

h W )A(l - ft (/) ), one checks that ^ 0. 
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C*((l — h">)qj | j G Ti" +1 ') is a finite-dimensional abelian C*-algebra, so it contains 
(not necessarily nonzero) pairwise orthogonal projections p(i), i G S^ +1 \ s.t. p(i) < 
(1 - h^)qi and Ejescw) Ki) is thc unit of ^(C 1 - I J G Because 

<^(F) = h®<p(F) + (1 - h®)<p{F), we have G p(F)' Vi G 

Thus we may proceed inductively with the construction of Tl m ^ and p(i); but 
Eies<">) 7^ for m > (unless /i^™ -1 ) = 1^), so there is fe s.t. 

E;=o E ieS (OP(«) = 1^ • 
Set p{i) := for i £ S* ' U . . . U then we are done. I 

4.3 In |Q, Proposition 2.6, it was pointed out that n-decomposable maps are weakly 
stable. We adjust this result to the case of p.c. and n-decomposable maps. 

PROPOSITION: For any finite- dimensional C* -algebra F = M ri ® . . . ® M rg and 
e > there is 7 > such that the following holds: 

Let B be a C* -algebra, <p : F — * B c.p.c. and p.c. such that, for some decompo- 
sition Ufc=i n Ik of {1, ... , s}, \\(p(li)(p(lj)\\ < 7 whenever i, j G Ik for some k. 
Furthermore, assume that (p has strict order zero on each summand of F. 
Then there is a c.p.c. map cp : F — > B which is p.c. and n-decomposable (w.r.t. the 
given decomposition) and s.t. \\<p{x) — tp{x)\\ < e||a;|| Vx G F + . 

PROOF: Set 7 := |£ and hi :— {(p%{l%) ~ 7*)+, i = l,...,s. Then by[L^ for each 
i there is a map (pi : M n — > B s.t. ordpi = 0, \\(pi — (fi\\ < 7^ and (pi — hi- This 
defines a c.p.c. map tp : F — > B, which again is p.c. and satisfies ||<£(x) — y(aj)|| < 
s ■ 72||x|| = e||x|| Va; G F + . Furthermore, if (pi(li)(pj(lj) ^ for some i,j G 
{1, . . . , s}, there is a character p of the commutative C*-algebra C*((p(li),(p(lj)) C 
B s.t. p(hi)p(hj) + 0. But then p{f(li)), p((p(lj)) > 7*, hence ^(l.Mlj) || > 
7. It follows that (p is n-decomposable with respect to the given decomposition 
P II,, , J' - " I 

4.4 For later use we note the following simple observation: 

Proposition: Let A be a commutative C* -algebra and a,h G A positive nor- 
malized elements satisfying \\a — h\\ < 5 for some < S < 1. Then there are 
hi G (C*(h)) + and g G (C*(h,a))+ with \\h-h'\\ < S and \\g\\ < 1 s.t. ga = h'. 

Proof: We may assume A — C*(h, a) — Cq(X) for some locally compact space X. 
Set hi := (h — <5) + , then \\h' — h\\ < 5 and h! < a. Define a continuous function / 
on R+ by 

/(*):= \ t-\ t>S-\\a-h\\ 
[ linear, else 

and set g := f(a)h'. Then < g < f(a)a < 1 and one checks that ga = h'. | 

4.5 It is thc following approximate lifting result for which we made all the effort 
in Section 3. 

Proposition: Let A and B be separable recursive subhomogeneous C* -algebras 
s.t. A is of the form B ® n< x (C(f2) (E> M r ) for X C fl compact and metrizable spaces 
and 7r : B — > C(X) ® M r a unital *-homomorphism. Suppose that F is a finite- 
dimensional C* -algebra, that tp : F — > B is c.p.c, p.c. and n-decomposable and that 

i B eC*((p(F)). 
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Then for any a > there are a closed neighborhood Y of X and a c.p.c. map 
tp : F — > B (Stt,x (C(Y) <S> M r ), again p.c. and n- decomposable, s.t. 

\\(p{x)-p$(x)\\<a\\x\\Vx€F + , 

where (3 is the projection map onto B. 

Proof: We have B C C(f2o) ® M ro for some compact metrizablc fl and r o G N. 
Set r' := max{ro,r}, fl' := Q U fio and X' := X U fio; then, using the upper 
left corner embeddings of Af ro and M r into M r /, we obtain an injection A 
B®(C(Q)®M r ) C(Vt')®M r i. Restriction to fibers as in 3.3 now defines a unital 
continuous VJt r i -bundle A over SI'. 

We may assume F = M ri © ... © M rs and [cp(lj), <p(M ri )] = if i < j. Define a 
unital continuous 97l r ' -bundle £ s C ,4 over fi' by setting 



£ s {t) 



A(t)(=M r ), ten'\X'. 



Now apply Lemma 3.4 (with £ s as B, CI' as fl and X' as X) to obtain a unital 
continuous subbundle V s C £ s s.t. Z? s |x' = £s|x' and Z(T> S )(X') = Z(T> S (X')) = 
Z(£ S (X% 

If £j and X>j are defined, we obtain £j-i and "Dj—i as follows: 
Set 

c. ,, f1 ._| ^(^(ed M r j(t), u (t) ) , t & x' 



and apply 3.4, this time with £j-i as £>, to obtain X>j-i C £j-i C 2?j s.t. X>j_x|x' = 
£j-l\ X > and Z(X>j_i)(X') = ,2(:D,-_i(X')) = z (£j-l( x '))- Proceed inductively 
to construct unital continuous bundles T>i C . . . <Z T> s C A over ft' satisfying 
Z(Vj)(X') = Z{£j(X')) for all j. 

By |J we have = C(X') • C*(<p(0^ =1 M r J, hcn ce, by our as- 

sumption on ip, <p(lj) G Z(£j(X')). But Z(£j(X')) = Z(T>j)(X') is a quotient of 
Z{Vj)(Q!), so ip{lj) lifts to some ^ G with < hj < 1. Note that hj 

commutes with T>j(Q') whenever i < j. 

Furthermore, by fl5| , Proposition 1.2.4, for each j there is a c.p.c. lift <p~j : M T . — > 
Vj(Vt') of ipj s.t. ordi^j = 0. 

Apply Proposition 4.3 to obtain (from F and e := ^) a 7 > (we may assume 
7 < Choose a compact neighborhood V C O of X' s.t. 

ll<Pj( 1 i)l* r ' ~ /ij I v || <min{^,l}Vj G l,...,s, 



Now by Proposition [14] there are < g 3 G C*(/ij ;|y, ¥>j(lj)|y) and < /i^ G 
C*(/ij|y/) as follows: 

- 115,11 <1 

- Il^(*)-fci(*)ll<ivtey 

- ffi (t)^(l i )(t)=ft5(t)VtGK'. 

Note that hj G 2(I»j)(y / ) for all j, and that [gy(t), (M rj ) (<:)] = Vi G V. 
Define : M rj -4 Dj(y') by 

:= 9j (t) • (pj(x)(t) fort GF', 
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then ordifij = and <pj(lj) = h'j. Since ord Cpj = 0, by 1.2 there exist *- 
homomorphisms a-j : M r . — > -Dj(Yi)" s.t. (pj(x)(t) — (pj{\j){t) ■ <jj(x)(t), hence 
(f>j (x) (t) = h'j (t) ■ (jj (x) (t) . As a consequence, 

\\<Pj(x)(t) - ^(x)(t)\\ < \\h'j(t) - ^(1,0(0 II <^Vtey',xe M r . with H < l . 

We now have a c.p. and p.c. map (p : F — * T>{Y') which has strict order zero on each 
summand of F and satisfies \\(p(x){t) — (p(x){t)\\ < — "l for x G F with ||x|| < 1 
and t G Y' . It is not hard to see that, by making Y' smaller if necessary, we may 
assume that ||y>(lj)<£>(lj)|| < 7 whenever <p(li)<p(lj) = 0. Thus by Proposition 1.3 
there is a c.p.c. and p.c. map tp : F — > T>(Y') which is n-decomposable and satisfies 

\mx)-<p(x)\\<~\\x\\VxeF + . 

Finally we see that, for all x G F + with ||x|| < 1 and t G X, 

\\<p(x)(t)-cp(x)(t)\\<^ + ^<a. 



5. Relative barycentric subdivision 
Another reason for introducing p.c. maps is that they are accessible to a technique 



which might be called relative barycentric subdivision. In the proof of Theorem 1.6 
it will be used to obtain an n-decomposable p.c. map from a p.c. map satisfying a 
certain order condition. First, we need some notation. See p2| , Chapter 3, for an 
introduction to abstract simplicial complexes. 

5.1 Following [|l2|, Section 3.1, by a finite simplicial complex if we mean a collec- 
tion of subsets of a finite vertex set V(K) such that, if k G if, then k' G k implies 
k' G if and such that, if v G V(K), then {v} G if. We say n G if is /c-face, if its 
cardinality is A; + 1. Note that the map v 1— > {1/} is a bijection between V(K) and 
the 0-faces of if. 

Let I if I be the geometric realization of if; by definition, \K\ consists of those 
points t G [0, 1] V < K ) for which Y, v ev(if)^-' = ^ an( l ^ or which the sets \v G 
y(if ) I t v 0} are faces of if. Then |if| is a subset of the standard simplex 
{t G [0, 1] V W I J2„ev(K) = !} in (which in turn is the geometric realiza- 

tion \A V( - K ~> \ of the full simplex with vertex set V(K), A y W). 
There is a canonical open covering {Au) u &v(K) of |if | which comes from open stars 
around vertices in the standard simplex in M. V ( K \ More precisely, 

A v = {te\K\\t u ^0}. 

If if' is a simplicial complex such that V(K') C V(K) and if' C if, we say if' is 
a subcomplex of if and identify \K'\ with the corresponding subspace of |if |. In 
particular, each k G if defines (the geometric realization of) a face |k| C |if |. 

5.2 Let L be another simplicial complex, and let r : V(if) — > \L\ be a map such 
that, for all k G if, the convex combinations {X^gk ^ t (^) I A y > 0, ^ — 1} he 
in \L\. Then r induces a map f : \K\ — > |L| (called linear) by 
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Denote the coordinate functions of \K\ by h v> v G V(K); by the Stone- Weierstrafi 
Theorem, these generate Cd-ft'l) as a C*-algebra. Furthermore, they induce a nat- 
ural u.c.p. map 

5.3 Let E = £W U S (2) be finite sets and E+ := E U {*} the disjoint union of E 
with a single point, then A s+ contains A E< ' and A s< ' in the obvious way (again, 
by A M we mean the full simplex with vertex set M). 

Suppose C is a unital commutative C*-algebra generated by positive elements h a , 
a G E + , s.t. X)s+ ^cr = lc; again we regard ft as a u.c.p. map: C s — > C. 
Let K consist of the one-point subsets of E + and of those subsets {(To, ■ ■ ■ ,o~i} of 
E + for which ft^ . . . h ai ^ 0. This defines a simplicial complex with vertex set 
V(K) = E + . Note that we have a canonical surjection C(\K\) — > C and that ft 



factorizes as C E+ C{\K |) -> C. 



PROPOSITION: Let C, ft, if, E+(= V(if)) anc! ft fee as afocwe; let J := if n A s<1> C 
if foe £fte subcomplex of K generated by E^ . Suppose that the generators of C 
satisfy h aa . . . h an+1 = for any choice of distinct elements o~o, ■ • • j °~n+i S E and 
i/iai ft| cE (i) is n-decomposable. 

Then there is a simplicial complex SdjK with vertex set T := V^(Sdjif) satisfying 
the following conditions: 

(i) E + C r C {faces of K}; if 7 G T \ E + , iften 7 fas a /ace 0/ if,) intersects 
E< 2 ) C V(if). 

(tt^ Tfte map /3 : T — > |if |, sending each 7 G T to the barycenter Ylue-y c^&y ' \ v \ e 
if of the corresponding face in \K\, induces a linear homeomorphism (3 : \SdjK\ — * 
\K\. 

(Hi) Sdjif n A E< ' = J (so, regarding \ J\ as a subspace of \SdjK\ 7 we have — 
id \J\)- 

(iv) The coordinate functions fc 7 G C(\SdjK\) , 7 G T, induce a u.c.p. map k : C r — > 
C(|Sdjif|) s.t fc|cr\{*} ?s n-decomposable and s.t. fc 7 (i) = ft 7 o/3(i) for all 7 G E^ 
and t G | J| C |Sdjif|. Moreover, J2r\{*} ^7 = So-es ho-°P- 

5.4 Before proving the proposition, we derive some consequences which will be 
needed later on. First, consider the u.c.p. map 

k : C r ^ C{\SdjK\) h C(\K\) -> C (e 7 h-> fc 7 G C) ; 

the restriction of fc to C r ^*^ is a composition of an n-decomposable map and a 
*-homomorphism, hence again n-decomposable. 



Because of 5.3 (i) and (ii), we can choose a function v : T \ (EW) + — » E' 2 ) with 
fc'(cr) = cr if cr € E^ 2 ) and s.t. is a vertex of 7 V7 G T \ E + . This in particular 
means that (3 maps the open star around I7I in |Sdjif | to the open star around 
|i/(7)| in \K\ for all 7 G T \ (£«)+. 
Define 

T' := {7 G r\ (E (1) )+ I fc 7 • {Ko[3 for some v G E (1) } 
and T" := T \ ((E«)+ U T'), then r = {*} LJ E« UT'U T". 

For our function v : V U V" -» E< 2 ) we see that fc 7 G J{h u(l) ) C C* V7 G V U T" 
(J(M) c C denotes the ideal generated by M c C). 
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Using 5.3 (ii), (iii), (iv) and the Stone- WeierstraB Theorem one checks that 

r C*(/i 7 , h Y , h^hy, IcW e£< 2 ), 7" 6SW})n Jfa) if 7 G£« 

{ C*(h a ,i c \o-ezW)nj(h„ iy) ) if 7 er". 

For the obvious u.c.p. map 

q : C s+ A C(|X|) ^ C(|SdjA-|) °A r C r 



we have kog = h, hence kog — h, as follows from the linearity of (3. Furthermore, 
we have £>(C S ) c C r ^*}. Finally, by (iii) id CE (i) factorizes as 



,(3,2) . cS < 2 > ^ C S+ ^ 



and 

is unital. If cr G S (2) and 7 6 T", then g ( ^ 2 \e a ) ^ implies £7 £ 

5.5 Sdjif is obtained inductively from the following Proposition. It says that, if 
we add the barycenter of some face of \K\ to the vertex set V(K), we obtain a 
natural subdivision of K . 

Proposition: Let K be a simplicial complex and 7 = {vq, . . . , Vk} a k-face of K . 
Then 

:= {7 G K I 7 £ 7} U {{7} U (7 \ {Vi}) I 7 C 7 G A', i = 0, . . . , k} 

defines a simplicial complex with vertex set V(K^) = V(K)U {7} . Furthermore, the 
map (3 : V(KJ - w/iere := \v\ for v G V(K) and £(7) := s+iM 
is the barycenter of 7 m |.K~| ; induces a linear homeomorphism [3 : |A^| — > (A'). 

Proof: It is easy to see that indeed defines a simplicial complex. If 7 = 
{j/o, . . . , v{\ is a face of Kj, then (by definition of K~ and /3) {/3(i/q), . . . , 0{vi)} is 
contained in some face of \K\, therefore f3 induces a linear map (3 : \K^\ — > |i"T| by 

0(t) = tj-p^) + J2 umK) t u -\u\. 

If s £ set d s := mm{s v \ v G 7} and define a(s) G |-K" 7 | by 

r s„ ifi/GV(io\7 

:= < s v - d s if v G 7 
[ (A: + 1)4 ifi/ = 7. 

Since the map s >— > cL, is continuous, so is a : — > \K^\\ it is straightforward to 
check that ao (3 — id|^_| and that (3 o a = id|jf|, hence (3 is a homeomorphism. | 

5.6 Let 71, ... ,7/ be mutually distinct A:- faces of K. Then 72 is a fc-face of A" 71 
(71 7^ 72 are fc-faces, so 71 ^72, hence 72 G if 71 by the definition of K J17 cf. 
Proposition |5.5| ). Therefore it makes sense to define (if 7l ) 72 and, inductively, 
K m := (. . . (K 7l ) l2 . . .) 7m for m — 1, . . . , I, Note that \K m \ « |A"| by the pre- 
ceding Proposition. 

Now assume that 7 ,; U 7 j ^ K whenever i ^ j. Under this condition, we check 
that {7i, 7i} Ki for all I ^ j: 
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Suppose that {"fi,"fj} G if;- We may assume i < j, then by the definition of the 
ifm, ji is a vertex and 7j is a face of ifj-i; furthermore, we see that 

{7,, 7j} G if; => {7,:, 7j} G if;-i =^ . . . =^ {7i, 7j} G ifj . 

But then there must be some 7 G -fiTj-i s.t. 7^ (as a vertex of if/-i) is an element 
of 7 and 7j (as a face of Kj-i) is a subset of 7; we may assume 7 = 7j U {7,}. Now 
by the definition of the if m , 7 is a face of if m for m = i, i + 1, . . . , j — 1. Therefore 
(this time by the definition of ifi) there is a face 7' of ifj_i containing both 7* and 
7j as subsets. We may assume 7' = ji U 7^. Since each vertex of 7' is a vertex 
of if, again we see from the definition of the K m , that 7' in fact is a face of if, 
contradicting our assumption that 7,; U 7- ^ if. Thus, {7^ 7,-} ^ if if i ^ j. 

5.7 We are now prepared to construct the relative barycentric subdivision SdjK. 
In the proof we will distinguish carefully between vertices v G V(K) of a simplicial 
complex and 0-faces {v} G if. 

PROOF: (of Proposition |5~3| ) Suppose /i| cs (i) is n-decomposable w.r.t. the decom- 
position £W = II, „ „ /,. 

For < k < n let consist of those A:-faces 7 of if for which 7 C (Jo U . . . U 

I k -! U £( 2 )) (then, in particular, * £ 7 for all 7 G F( fe ) and = Y,^). 

If 7 = {uq, . . . , Vk} G F^, then ft,„ • • • ft,„ fc ^= by the definition of if, so each ij 

contains at most one vi. But this means that 7 n T,^ ^ 0. 

If 71 , . . . , 7; are the distinct elements of F^ , define 

if ^ :=(... (if-^)^ . . .) 7l 



as m 



5.6 and note that |if( n )| « |if naturally. 



Now let n, ... , r TO be the distinct elements of F^ n X K None of the Tj contains any 
of the 7j, so we see from the definition of if (™) (cf. Proposition [5.5D , that the Tj are 

faces of ifK Set if^- 1 ) := (. . . (if^)^ . . .) Tm , then (if^ 1 )] « |if(")| ss |if|. 
Proceed inductively to obtain ifW, 1 < i < n, s.t. |ifW| w ... w |if( n )| « jifj. 
Define 

Sdjif := if (1) , 

then (i) and (ii) of 5.3 follow from our construction and Proposition 5.5; note that 

T := V(Sd jK) = £+ U U . . . U F [n) . 

To obtain if W from if, we only changed faces of if which intersect £( 2 ) (namely the 
faces F<°)U. . .UF^) and left the faces of J invariant; this shows (iii). Furthermore, 
none of the faces in F^ U . . . U F^ contains the infinite point *, so if t G \K\ 
is mapped to |if^|, the ^-coordinate of /3 _1 is equal to the ^-coordinate of t. 
Therefore, = h{*y o/3, from which the third assertion of 5.2 (iv) follows. 

Consider distinct elements 7,7' of and a G h for some < I < n. Now if 
7 U 7' ^ if , then it is clear from our construction that 7 U 7' ^ if ( fe ) for any k 
(otherwise, 7 U 7' and F^" 1 ' would have an element in common, but the elements of 
7 U 7' are vertices, and not faces, of if). If 7 U 7' G if , then 7 U 7' is a fc-facc of if 
for some k > I and, since 7 U7' C Iq U . . . Ui;_i US' 2 ', we have 7U7' G F^. Thus, 
again by construction, 7 U 7' is a vertex of K^- k \ but 7U7' (as a subset of V(K)) is 
not a face of if more formally, we have 7 U 7' G V(K^), hence {7U7'} G if (fc) , 
but 7U7' £ ifW. 

Again it follows from the definition of the K^ m \ that 7 U 7' does not occur as a 
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face of if ( m ) for any m < k. 

In particula r, w e have 7 U 7' ^ K"\ Therefo re, the elements of satisfy the 
condition of |J (with K {l+l) in place of if), so |J says that {7,7'} £ if w . By the 
same reasoning as above we see that {7, 7'} does not occur as a face of if ( m ) for 
any m<l, thus {7,7'} £ SdjK. 

Similarly, we show that {7, cr} ^ Sd jK: Note that a ^ 7 by definition of F^. Now 
if {7, a} £ SdjK, it follows from our construction that 7 U {a} must be a face of 
if and, inductively, that 7 U {a} must be a face of if. On the other hand, we 
have 7 £ F">, a £ It and cr ^ 7 (so 7U{ct} is an (Z-fl)-face of if and I < n, since if 
has at most n-faces), hence 7 U {<r} £ F^ l+1 \ But this in turn means that 7 U {cr} 
is a vertex, and not a face, of if a contradiction, and we have {7, cr} ^ Sdjif . 

We are now prepared to show (iv) of Proposition |5.3| , namely that fc|cr\{*> is 
n-decomposable. 

For < j < n define ij := Ij U (where Ij comes from the decomposition of 
EW),thenr\{*} = U i=0 ,..., n ^- 

If 7 ^ 7' £ Ij, then fc 7 fc 7 / = 0: This is, because (3 maps the carriers of k 7 and fey 
to the carriers of h 1 and h^/, respectively, so hjhj' = (h\ c ij has strict order zero) 
implies fc 7 fcy = 0. 

If 7 7^ 7' £ FW) and cr G ij, then A; fe CT = 0, because {7,7'}, {7, cr} £ 

Sdjif , as we have seen before. 

This shows that fc| C r\{.} is n-decomposable w.r.t. the decomposition Uj=o n I'j- 
The second assertion of 5.3(iv) follows directly from (iii), so the proof is complete. 



6. Proof of the main result 



6.1 We are now prepared to prove the remaining part of Theorem 1.6; in fact, we 
show a bit more. 

Theorem: Let A be a recursive subhomogeneous algebra of topological dimension 
not exceeding n. Then A has a system (Fx, ip\, <P\)a of c.p. approximations with 
(fx p.c. and n-decomposable V A. 

Proof: If A = AI r , the theorem holds with the approximation (M r , idM r , idM r )- 
So let be compact and metrizable with dim £1 < n and let r £ N. By induction we 
then have to show the following: Suppose B is a recursive subhomogeneous algebra 
of topological dimension not exceeding n for which the theorem holds, let X C f2 
be closed and ir : B — » C(X)®M r be a unital *-homomorphism. Then the assertion 
of the theorem holds for A := B ®„ >x (C(f2) ® M r ). 

Step 1. So let e > and 01, . . . , ak £ A + with ||a;|| < 1 be given; we may assume 
cii = 1a- We have to construct a c.p. approximation (F, ip, ip) s.t. \\tpip(ai) — a l\\ < e 
and s.t. if is p.c. and n-decomposable. Set bi := (3{a{) £ B, I = 1, ...,k, where 
P : A — > B is the projection map. 

Take a > s.t. 24(n + l)az + 13a < e and choose a c.p.c. approximation (F 1 — 
0^ M n , -0', ip') (of B) for &i, . . . , bk, b\ , . . . , b\ within a such that ip 1 is p.c. and 



n-decomposable. Then by Proposition 4.5 there is a closed neighborhood Y' C fl 



of X and a c.p.c. map tp : F' — > B ®ir,x (C(Y') ® M r ) s.t. is p.c, n-decomposable 
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and 

(1) \\P°<p(x) - f'{x)\\ < a\\x\\ \fx G F' + . 
We may assume that for each t G Y' there is t G X s.t. 

\\ ai (t)- ai ®i \\aKt)-a*(i)\\, iimbm-w'wm, 

(2) ||^) 2 (i)-^'(M 2 (i)ll , ||^'(^)(t)-^(^)(t)||<aVi. 

5iep Since f2 is normal, there are open sets V, W c and a closed set F C 
s.t. IcffcrcFcr'. 

It is then straightforward to construct a finite collection (U\)a of open subsets of 
\ X with the following properties: 

(i) {U\)\ is n-decomposable as a collection of subsets 

(ii) n \ W C Ua Ux, U x n (n \ W) ± V A and U x C Y whenever U x n W ^ 

(iii) for each A e A there is t x 6 [/ A s.t. t x £ Ua\{a} ^ 

(iv) \\ai(t) - ai(t')\\, \\af(t)-af(t')\\ < aVt.f G t/ A , A G A, / = 1, . . . , k 

(v) J7 A cr'VAeA' :={Ae A\UxDY ^ 0} 

(vi) for each A £ A' there is fi(X) with < /u(A) < 2 („ 1 +1 ) s.t., for all i G 
{1, . . . , s}, the projections 

«(A,i) :=XMA)(^(lM ri )|c/J eC*(<£(l Mri )k) cC t ([/ A )0M r 

exist (again, x M denotes the characteristic function of \p, oo)). 

Set A« := {A G A | Ux D W ^ 0} and A< 2 ) := A \ A«. 

Next construct functions gx <E Co(^a) f° r eacn A G A with < gx < 1 s.t. 
g := J2 A gx satisfies < g < 1 and fl , |o\v^ = 1- We regard g as an element of A 
vanishing on B; note that g G 2(A) and that (1 — g)<7A = for A G A^ 2 '. 

_Step 3. Now set F := FW © F< 2 ) with F« := F', F^ := A(2) M r and define 
: A ^ F by ip' o (3 (& (® AgA(2 ) ev tA ). The definition of <p : F — * A requires some 
extra effort. For A G A (2) define if[ 2) : M r -> A by 

^A W : = • X, 

where on the right hand side x denotes the function Ux — ► M r with constant value 
x. 

For the moment, let A G A' be fixed. From (vi) we obtain projections q(X, i) G 
Cb(C/ A ) ® M r for i = 1, . . . , s. Note that 

£(lM ri )k - 2(n X + 1} < < 4(n+ 1) • 0(lji* P1 )k - 

so 

> lk-2a-^, 

hence Ei=i <?(^) i s invertible in Cb{U\) ® M r . (We have used that (p is n- 
decomposable, so for any t G 1", ^(lM r .)(<) is nonzero for at most n+ 1 indices i.) 
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We may thus apply Lemma 4.2 to obtain pairwise orthogonal projections p(X, i) 6 
C*(q(X,j) \j = 1, ■ • • , s) C C b (Ux) g> M r , i = 1, . . . ,s, s.t. 

Ej = lP( A ^') = 

(3) b(A,i),«^(F')|c/ A ] = 0, 

p(X,i)q(X,i) = p(X,i). 
Note that in particular implies that 

(4) [p(A, <?(A', j)(i)] = [p(A,i)(t),p(A',j)(i)] =0 

for all A, A' e A',teU x n U x >, i,j E {1,.. .,s}. 

We are now prepared to define i^ 1 ) : — > A: 
For ie{l,...,s} and x e M n C F (1) set 

^\x) := 

(1 -g) • <pi(x) +EAeA(D 5a •p(A,i)('7(A,i)^( 1 M ri )|;7j _1 ^(a;)|;7 A , 
where the inverses are taken in q(X, i)(Cb(U\) ® M r )q(X, i). 
Note that is well-defined and that 

(5) |[(g(A, z)^(l Mri )| t /J~ 1 || < 4(n + 1) V* 6 {1, . . . , s}, A e A' . 

We shall need the following estimate later on: For all A € A' and t € U\ we have 

ll(EiP(A,i)(g(A,i)^(i Jlfpj )|^)-Vi^(6i))(*)-oi(*)ll 

(6) < 12(n+ l)a5 + 4a . 

To see this, first note that there is F £ X s.t. 



^'(6 ; ) 2 W + 5a < ^(V/(6/) 2 )(t) + 5a 
< 0ip'(tf)(t) + 5a ( f <^'(& 2 )0~) + 6a 
t ^V'(6 2 )(f) + 7a < 6 2 (F)+8a. 

As a consequence, 

||^'(60 2 )W- W(&0) 2 WII <8a; 
combining this with 0, Lemma 3.5, we obtain 

HvKxV'C&OX*) - (^)^'(&0)(*)ll < IM|(8a)* VxeF'. 
Choosing x = 1m t . wc get 

||(p(A, *)&$(&«))(*) - (p(A, 00(1^ )^(6i)) (*) II < 3a* ■ 

But 

( P (X, i)tp(l Mrt )\u x )~ 1 = p(A, i) (q(X, i)0{l Mri Jlt/J" 1 < 4(n + f ) • p(A, i) 
by (§) and (§, so 

||(p(A,0(?(A,i)^(l Wp J|^J-ViV'i(6j))(*)-(p(A,i)^(6i))(*)ll 
(7) <f2(n+l)a2; 

(||) then follows by using ([I]) and (^) and the fact that the p(X, i) are pairwise 
orthogonal and sum up to l\u x - 
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The map ip :— (ip^, ip^) : F — > A is c.p. by construction; we check that it is 
contractive: 

= (1 - .9) • £(1f') + Ei=i EagA(i) 5a • p(A, i) + Eaga<2) 3a • lM r 
< (1 - g) ■ 1 A + Eaw 9\ ■ 1 a + E A (2) 3a • 1a 
= 1a- 

Furthermore, \\<p(l F ,)(t) - l A (t)\\ < 4a by @) and (||), hence ||<^(1^) - lyt|| < 4a. 
In fact (p has strict order zero on the summands of F and is p. a, but for the 
moment it suffices to observe that c/?ot(C s ) generates an abelian C*-subalgebra of 
A, where £ := {1, . . . , s} U A^ 2 ) and I : C E — > F is the canonical unital embedding. 
As it turns out, tpol\cs satisfies a certain order condition (cf. (||)). However, only 
the restriction of ^ot to c' lv "' s } is n-decomposable, but we can use the idea of 
relative barycentric subdivision to obtain a modification (F, tp, (p) of (F, tf>, Cp) with 
the desired properties (in particular with (p n-decomposable). 

For i G {1, . . . , s} we have 

<pW (lu ri ) < (l - g) ■ (iM r , ) + 4(n + 1) Eaw 3a • ^ (l Mri ) , 

thus (p^\lM r .) -L <Pj (lM r .) if ^^(Im^) 4_ ^j 1 (1m,..)- But then the restriction 
<^ot| C {i,..., s } is n-decomposable, since tp\c{i,..., s } is. 

Now consider sets of mutually distinct elements {io, . . . ,i m } C {l,...,s} and 
{A m +i, . . . , A„+i} C A^ 2 ' for some — 1 < m < n. By (ii) and the definition of g, 
(1 — g) ■ g\ = for A G A^ 2 \ hence <p^\li a ) . . . ^ 2 ' +1 (1a„ + i) is a sum of products 
of the form 

.9A • p(Ao, io) ■ ■ ■ g\ m ■ p(A m , i m )g\ m+l • . . . • g\ n+l 
with {A , . . . , A m } C AW. Now if < I < I' < m implies A; ^ Xi>, then 

3a ' ■ ■ • ' 9\ m ■ 9\ m+ i ' ■ ■ • ' 3a„+i = , 

because (U\)\ is n-decomposable. If A; = A;/ for some < I < I' < m, then 

p(M,ii)p(\l,il>) = 0, 

since for fixed A the p(X, i), i = 1, . . . , s, are pairwise orthogonal by construction. 
As a consequence, we obtain 

(8) ^ 1) (l Jo )...^ ) +i (l A „ +1 ) = 0. 



Step I Now apply |J with C := C*{pol(£^),l A ), := {l,...,s} and 

£(2) := a( 2 ); h : C s+ — ► C is given by h\ C s := and /i| C {,} := 1a - ^(lj?)- 
From 5.4 we obtain an index set T = {*} U U T' U T" and a u.c.p. map 
k : C r — > C s.t. fc|cr\{.} is n-decomposable and 

fc 2 G C^^Im,,), g A -^(lM r .), 3a, 1a I A G A (2) , j = l,...,s)nJfe(l Mrj )) 

for i G {1, . . . , s} , 
k-y G J(g v ^)) C C for 7 G T' , 

fc 7 g C*(<? A) u\xe A( 2 ')nj( ffK7) ) for 7 Gr", 
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where v : V fl T" — > A^ 2 ) also comes from 5.4 and J{M) denotes the ide al in C 
generated by M. Using that U\ (~l W = if A € A^ 2 \ it follows easily from 5.3 (iv) 
that 

h(t) = <pi{iM ri ){t)VteW. 

We have already seen that \\1a — <p(lp)\\ < 4a. 

For 7 G r' we have fc 7 • Xies' 1 ) ^* 7^ by the definition of T'. But then again 
(1 — g) • g\ = for A 6 A^ 2 ) implies that g„fa) • Xai 1 ) 5-^ 7^ 0- This in turn means 
that £A,( 7 ) fl W 0, so ^(7) e A' (cf. (v)) and the projections p(v{"f), i), i = 1, . . . , s, 
of Lemma [h^ are well defined. 

Note that (1 - g) ■ g x = V A G also means that 
J(9u(j)) = 

C*(sa, £ VeA <i) 9x> ■ P(A', i) I i G {1, • • ■ , a}, A G A< 2 >) n JQ?^)) C C . 
The following commutation relations are easily checked: 

fe, G (<pi(M ri )y , i=l,...,s, 

fc 7 G (p j (M rj )U^(M rj ))', 7 6r',! = l,...,s, 

fc 7 g a' , 7 g r" . 



From 5.4 we also obtain a u.c.p. map g : C E+ — > C r s.t. kog\ C r\{,} 



C 



C {i,..., s } ig the ^entity and p (3 ' 2) 



^ 2 > 



(/Jot, 



is 



C {i,.., s } 
unital. 

If g 7 3,2) (e A ) ^ for A G (= £( 2 )) and 7 G T", then we have fc 7 G J(#a), so 
fc 7 (i)£ 7 ' (e^) 7^ implies i G £7a- 
We finally turn to the definition of (F, ip, <p). Set 

F := F {1) © F {2) © F i3) 

with 



i?(2) 

i?(3) 



©r'(©i=i-^r») , 
©r»M r . 



Write a map p:F-»fasa3x2 matrix 

(id F( i) 
© r , id 
® id Mr 

and define 

V> := foV? : A — > ; 
i/j clearly is c.p.c. Write 92 : F — > A as 
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with 




ki ■ (ifi(lM r . )) <fi(x) for i = 1, . . . ,s and x £ M ri , 

fc 7 -p(^(7)) 0(9(^(7), «)^( 1 M I . i )|t/„ (7) )^ 1 ^(^) for 7 e r' 

i £ {1, . . . , s} and x £ M n , 



p^ (x) := fc 7 • x for 7 £ T" and x G M r . 

Of course ^(1m,„ ) £ ^4 need not be invertible; (^(Im,. ■ ) then stands for 

the *-homomorphism : M Ti — » A" associated to (pi as in |TJ], Lemma 1.1.3. Since 



The map tp^ \ : M n — > A is well-defined, since fc 7 £ JXffK7)) V7 £ T'. 

5iep 5. In the rest of the proof we check that (F, ip, ip) indeed is a c.p. approxi- 
mation with the desired properties. 

First note that ip is contractive: 

¥>(1f) = E 4 =i^- 1 A + E 7e r' fc 7-E J S =iP( !/ (7)^)+E 7e r" fc 7- 1 Af r 

— Er ^7 ' ^-A 
= U. 

ip has strict order zero on the summands of F: Recall that 

tpi(x) := 

(1 - 9) ■ 0i(x) +EAeAW 9\ ■p{\i){q{\i)0{lM ri )\u > )~ 1 <Pi{x)\ux , 

and note that (1 — g) , g>, , p(A, i) , <7(A, i) and (pi(lM r . ) all commute with pi{M ri ); 
since fci commutes with ipi(M ri ), ord p>i = implies that ordt^ 1 ^ = for i £ 

(21 

{1, . . . , s}. A similar argument shows that ord<p 7 J = for 7 £ T ', i £ {1, . . . , s}; 
obviously ord<^ 7 3 ' = for 7 £ T". 
<^ is p.c: If 7 £ r", then fc 7 = ^ 3) (l Mr ) £ so in particular 



Next consider i, j £ {l,...,s}; ip is p.c, hence w.l.o.g. we may assume that 
[p>i(l Mrz ), 0j(M rj )] = 0. For 7 £ T' we have 



because h ■ fc 7 £ J{g v {^)) C C*(g A , Ea'£A(i) 5a' -p(X,j), I A £ A (2) , j = 1, . . . , s), 
which commutes with all other factors of the product (again we used that (1 — g) ■ 
g v ( 7 ) = 0). 




[p^(l Mr ),p(F)}=0. 



ft W (lM r >S(M r) .) 

= k 7 ■p{v^),j){q{v{l),3)h{ 1 M rj )\u vM )~ l 'Pj{M rj ) ■ h 
= ^]{M rj )pf\\ Mrt ), 
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Similar arguments show that (for 7, 7' G V) 

= [<p { *}(l Mri ),<p?HM rj )] 
= [<p?\l Mri ),<p?\M ri )] 
= [^(lM,),^-(M r3 .)]. 

It is then easy to define an order on {1, . . . , s} U (U r , {1, . . . , s}) U T" with respect 
to which tp is piecewise commuting. 

ip is n-decomposable: Suppose A:| C r\{»} is n-decomposable w.r.t the decomposition 
T \ {*} = Uj=o n Define a decomposition 

{i,..., s }u(r'x{i,..., s })ur" = u j=0 ,...,„/i 

by 

7jn{l,...,s} := Jj ;n{l,...,s}, 

ijn(r'x{i,. ..,«}) := (/jnr')x{i «}, 

i'j nr" := 1 3 n r" . 

Then if is n-decomposable w.r.t. this decomposition JJ -_ n * m s easily follows 

from the facts that tp has strict order zero on the summands of F, that fc| c r\{»} 

(2) (2) 

is n-decomposable w.r.t. LJj=o,...,n -*j> and tnat ¥^j(lM r .) -L f\'j{^-M r .) if « ^ j 
(recall that p(X, i) _L p(\,j) for A e A^ 2) and i ^ j). 

In the remainder of the proof we check that (F, tp, ip) indeed approximates the 
elements ai, . . . , dk within e. It clearly suffices to do this separately for B and for 
every t € Q \ X; more precisely, we have to show that 

\\/3{ai - iptp(ai))\\ B <s 

and 

\\(ai-trt(at))(t)\\ Mr <eVten\X. 
The former inequality is true, since 

\\p( ai ) - (3(ipi>( ai ))\\ = ||/?(a«)-W/J(a,)|| 

< ||6,-^'(6,)||+a 

< 2a 

< e; 

we check the latter. Note that 

tptP(a) = p {1) ^\a) + <^ (2 V (2) (a) + W) , 

where ip^ : A — > F^ is ^ followed by the projection onto F^; we consider each 
summand ip^tp^ separately. 

We begin by showing that 

\\ip^^( ai )(t) - ' "OWII < 12(n+ l)a* +4a. 

If i £ Y, then ^(l Mri )(i) = for i = 1, . . . , s, so h(t) = p { p (l Mr . )(t) = and 
there is nothing to show. 
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If t E Y \ W, we obtain 



"T \\ v ^ i \ ai )(t)-j: i k i (t)-^ , (bi)(t)\\+^ 

WEMt) ■ (Y,aw gx-Pi^i))- 1 ^) 

■(Ea<d3a ■p{\ i )(^ i )^{ 1 M rz )\u > ,y 1 ^i^[{k))it) 
-HMt) • (Ea<i» 3a ■P(\i))- 1 (t) ■ (Y,AV9x-p(\,i)W(h))(t)\\ 
+4a 

HEi **(*)• (Law sa-^a,*))- 1 ^) 

Eaw (#a ' P( A > *)) W(p( a , *)(<?(A, i) < P( 1 M n TV* - */^) 
-p(A,*)^ / (6,))(«)||+4a 

HE, fei(t) • (Eacd 5a • p(A, i))- 1 WE A(1 ) (5A • p(A, i))(*)|| • 12(n + l)a* 
+4a 

< 12(n + + 4a . 
If £ G W, recall that <^i(ljvf r .)(i) = ki(t), so 

MV%0(*)-E^(*)^(*)ll 

= iiEi*i(*) • mn^r'im^it) - ai (t)\\ 

= WEi^'Mit) - ai(t)\\ 

= || ((1 - g) • ^'(6,) + Ea(d 9a • p(A, i)(q(X, OvKl^Jk) -1 
-(1-g) ■ ai + E^Eaw 5a •p(A,i)oO(*)|| 



< (1 - ff )(t) • 4a + Ea(D SA(«) • (12(n + l)a* + 4a) 

< 12(n + l)a' + 4a . 
Next we check that 

fc 7 • a; || 

= iE 7 er' /c 7 ' (EiP( I/ (7)^)(9(^(7)^)^(lM, i )|c/„ (7) ) _ V l V' I '(^) -a/)|| 

< (12(n + l)a*+4a).||X)r'*7ll 

< 12(n+l)a^+4a 

and that 

M 3 V (3) (ai)(*)-£ 7er » (fcr-ai)(*)ll 
= IIE 7e r- *7(*) ' Ea^. P 7 3 ' 2) (e A ) • (o,(t A ) - o,(t))|| 

< Er»,A(^) fc 7WP 7 3 ' 2) (eA)-a 

< a. 

Here we used that p( 3 ' 2 ) is unital (thus Ea< 2 ) Pi ( e x) = 1 f° r each 7 £ T") and 
that t e C/a, if fc 7 (i)/4 3 ' 2) ( e A) 7^ 0. 
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As a consequence we obtain 

\\<pi>(at) - a t \\ 
= \\<pil>(a>l) ~ J2r k i a i ~ i 1 ^ ~ <p( 1 p))ai\\ 

+ \\^^(a l )-j:r^-a l \\ 

< 24(n+ l)ai + 13a 

< e, 

so the proof is complete. 



[10 

[ii 

[12; 
[13; 
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